Kinetic Equations
Solution to the Exercises
—01.04.2021 —
Teachers: Prof. Chiara Saffirio, Dr. Théophile Dolmaire
Assistant: Dr. Daniele Dimonte — daniele.dimonte@unibas.ch

Exercise 1

Recall that for any f measurable the distribution function of f is defined as dy () :=
[{z e R |f (z)| > ~}|. Prove that if f € L? (R?) with p € [1, +0) then

1 ey = ( [ prasen dv); | 1)

Proof. By definition of the distribution function, we get that

dy (v) =

= J dx. (2)
{zeR?| |f()|>7}

As a consequence we get

+00 1 +00 L
f Py () dy = J Py’ f dwdy (3)
0 0 {aeR?] |f(2)|>7}

|f ()]
= JRdfo pyP tdyde = fRd |f ()P dz = Hf”ip(Rd) ) (4)
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Exercise 2

Let m > 0 and f a measurable function such that f > 0 and f € L' n L® (]R3 X ]R3).
Define the measurable function h : R x R? — [0, +0] as

h(t,x):= i, f (z —tv,v) dv. (5)

Show that there is a constant C' > 0 such that

3
m m
Ik (t, ‘)HLMT%(Rs) <C Hsz;r?Rngg) <JR3 fRs || f (x,v) dxdv) . (6)

Proof. Similarly at what we did in class, we first fix R > 0 and get

|h(t,a:)]=f f(a:—tv,v)dv—kf f(x—tv,v)dv (7)
|z[<R |z[>R
4r 4 1 m
< ?R HfHLOO(R?’XRg’) + Rim - |’U| f (I‘ - t’U, ’U) dv. (8)



Optimizing on R we get
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We then consider the L™ norm of h to get

_m mi_*_:;
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which concludes the proof of the result.

Exercise 3

Let p € [1,40) and f € C (Ry; LP (R* x R?)) n L* (R4 x R? x R?) a solution to the
Vlasov-Poisson equation

Oef +v-Vef + E-V,f =0,
E (t,x) := —V(M *Pt)( ) (13)

pi () := $gs [ (L, 2, 0) dv,
f(O,.Z',U) = fo (ZL‘,’U).

Define H (t) as

f J |U| (t,z,v) dzdv + = f J wdwdaz’. (14)
R3 JR3 R3 JR3 ‘$—$|

Prove that H (t) = H (0).

Hint: Show that 0, H (t) = 0.
Proof. First notice that the derivative of the density p; is given by

Orpe (x) = 04 jRg f(t z,v)dv=— L@ (v-Vgf (t,z,v)+ E(t,x) - Vyf (t,z,v))dv (15)

=—divy | vf (t,x,v)dv. (16)
R3



In order to differentiate H (t), we first get that the derivative of the kinetic energy is given

Jof? 1 ’ |
O JRS JRS (t,x,v) drdv = 5 fRS sz [v] (v-Vaf (t,2,v) + E (t, ) va(t,x,v))(dg:;lv
17

= fRS JR3 v-E(t,z) f (t,z,v) dzdv (18)

We then get

_é’tf f |U| (t,z,v)dzdv + = j J Oupr (2 )dxda: (19)
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pt (x aWt )
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_ v orpr () pe (2')
=0 JR3 jR?) 7 f(t, z,v)dedv + f JR?) o= ———— = dxdr’ (21)
2
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= f J v-E(t,z) f(t,z,v)dxdv (23)
R3 JR3
— f 1 % py () divy, vf (t,z,v) dvdx (24)
|z| R3
= J J v-E(t,x) f (t,z,v) dzdv (25)
Rr3 JR3
—i—f V(l*pt>( )| vf(t,z,v)dvdx = 0. (26)
R3 || R3

As a consequence, if 0; H (t) = 0 this implies that the energy H () is constant and therefore
H (t) = H(0).
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